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dx
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1
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(
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1
2
(
dz
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+
G
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∫∫
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∫∫ [
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dt
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δ
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(
δ
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+
dz
dt
(
δ
dz
dt
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δΦ =
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∂x
δx+
∂Φ
∂y
δy +
∂Φ
∂z
δz.
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dx
dt
=
∂
∂t
δx+ u
∂
∂x
δx+ v
∂
∂y
δx+ w
∂
∂z
δx;
δ
dy
dt
=
∂
∂t
δy + u
∂
∂x
δy + v
∂
∂y
δy + w
∂
∂z
δy;
δ
dz
dt
=
∂
∂t
δz + u
∂
∂x
δz + v
∂
∂y
δz + w
∂
∂z
δz.
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(
∂
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δx+ u
∂
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∂
∂y
δx+ w
∂
∂z
δx
)
+
+ρv
(
∂
∂t
δy + u
∂
∂x
δy + v
∂
∂y
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∂
∂z
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(
∂
∂t
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∂
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∂
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∂
∂z
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∂
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∂
∂y
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∂
∂z
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)
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∂z
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∂
∂t
(ρ u) +
∂
∂x
(
ρ u2
)
+
∂
∂y
(ρ uv) +
∂
∂z
(ρ uw) +
∂ p
∂x
− ρ∂Φ
∂x
= 0.
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ÔÀ½»P½EÖÃ¶SÈ¶S»»¼@½ÍÆﬀ»PºŁÊÉ½E»¼ ºz¿;ÉP¸Ê¶SÏ%¿ÄÍÓºz¿)Æﬀ¼"Å¸PÄ;¶S»»¼ËlÈ¶z¾-½E»PºzÒ
δx
»¶
δy
¸ÉP¸N»¶
δz
ÐP¶
u
»¶
v
¸ÉP¸N»¶
w
ÐØÉ½¾-½E»¿IÑ6½+¾/¶zÄÄE¼ã·¶zÄEÃ·¼"Æ¶z½E¿ÄÍŁÃ¶SÃ
dm = f dx dy dz du dv dw.
å 8< 8ç
#%Ìz¼"Ê»Pºﬀ½+Æ¶S·Úﬀ¸·PºzÆ¶S»¸P½+ÅPº
δx
Æ½À½E¿¿ºzÔÀ¶Ã
∂
∂t
(fu) +
∂
∂x
(
fu2
)
+
∂
∂y
(fuv) +
∂
∂z
(fuw) +
∂
∂u
(
fu
∂Φ
∂x
)
+
+
∂
∂v
(
fu
∂Φ
∂y
)
+
∂
∂w
(
fu
∂Φ
∂z
)
− f ∂Φ
∂x
= 0,
Ê¿º6ÅPºﬀÄsÉ½1ÄºzÃ·¶SÛ½E»¸Í]»¶
u
ÄEÆºÀP¸¿ÄÍ Ã]¸ÈÆ½ÄE¿ﬀ»Pºﬀ¾^ÖÖ·¶SÆﬀ»P½E»¸Ï

ºÉPÚﬀ¹P¾/¶S»¶
å ÄEÆﬀÍÈ¶S»»Pºﬀ¾^Ö]Ê¶zÄE¿º¿¶SÃÑ6½+Ä1¸P¾-½E»¶z¾^¸Ng1¸ÖÆﬀ¸ÉÉPÍ ¸ÉP¸ŁaÉ¶zÄºzÆ¶çû
∂f
∂t
+ u
∂f
∂x
+ v
∂f
∂y
+ w
∂f
∂z
+
∂Φ
∂x
∂f
∂u
+
∂Φ
∂y
∂f
∂v
+
∂Φ
∂z
∂f
∂w
= 0.
å 8< Bç
(3»¿½E·P½ÄE»PºÐ	Ê¿ºÃK¿¶SÃºﬀ¾^Ö)Ñ6½·P½EÈÖzÉPÚ¿¶S¿ﬀÖKÆ½À½E¿ ¸KÆ¶S·Úﬀ¸·PºzÆ¶S»¸P½ÅPº
δy
¸ÉP¸
ÅPº
δz
<
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a)À¶S»»PºzÒ&È¶À¶ÊP½/·¶SÈ»¸¹Ö1Æ"ÅPºÀËºÀ½ Æ@ÄE·¶SÆﬀ»P½E»¸¸Ä-Ô¸ÀP·PºÀP¸»¶z¾^¸ÃºzÒ¾-º;ÑÙ
»PºŁÅPº;ÍÄE»¸¿ﬀÚWÄsÉ½ÀPÖÏ%Û6¸P¾ÇºﬀÌz·¶SÈ;ºﬀ¾"<^a,ÈÆ½EÈEÀP»¼ËlÄE¸PÄE¿½¾/¶ËlÅ·¶SÃ¿ﬀ¸ÊP½ÄEÃ¸Õ»P½E¿
ÄE¿ºÉPÃ»PºzÆ½E»¸ÒÐ ¸ä¿ﬀ·¶z½EÃ¿ºz·¸¸fºz¿;À½ÉPÚﬀ»¼ËäÈÆ½EÈEÀf¾-º;Ñ»Pºl¾^¼@ÄsÉ½E»»PºÕÄ¾-½EÛ¶S¿ﬀÚ
»P½EÈ¶SÆﬀ¸PÄE¸P¾-º ºÀP»ÖŁºz¿IÀP·ÖÔ;ºzÒ<aÂºﬀÌz¼"Ê»Pºﬀ¾àÑ6½6Ôx¶SÈ;½&Ø¿ºÅ·¸Æ½Éº]Ìz¼ÇÃKºz¿ﬀ·¼"ÆﬀÖ
ÀP·ÖÔ1ºz¿6ÀP·ÖÔx¶&¿ﬀ·¶z½EÃ¿ºz·¸ÒŁÄE¿¶ÉPÃ¸Æ¶SÏ%Û6¸ËÄÍ Ê¶zÄE¿ﬀ¸¹éÅPºzØ¿ºﬀ¾^Ö¿¶z¾×ÀºzÅÖÄE¿ﬀ¸P¾
¿ºÉPÚﬀÃº%ÌﬀºÉ½½/ÖÈÃ¸Ò&ÃÉ¶zÄÄ/Ä¾-½EÛ½E»¸Ò&¹P½ÉºﬀÄE¿ﬀ»¼Ë&Ô¸ÀP·PºÀP¸»¶z¾^¸ÊP½ÄEÃ¸Ë6ØÉ½¾-½E»Ù
¿ºzÆP<e1º1¿ºﬀ¾^ÖÑ6½ﬃºﬀÌz·¶SÈ¹ÖÐÊ¿º1¸IÆ1À¶S»»Pºﬀ¾×ÅÖ»Ã¿½ﬀÐÆﬀ¼"ÆºÀP¸¿ÄÍIØÆºÉPÏ%¹¸Pºz»»Pºﬀ½
Ö·¶SÆﬀ»P½E»¸P½%ÀÉPÍ Ìﬀ½ÄÄE¿ºÉPÃ»PºzÆﬀ¸¿½ÉPÚﬀ»PºzÒKÅÉ¶SÈ;¾^¼ãÄ3¸È;¾-½E»P½E»¸P½¾Ó¿ºÉPÚﬀÃº»¶SÅ·¶SÆzÙ
É½E»¸ÍNÄE¸ÉNÀ¶ÉPÚﬀ»PºÀ½EÒPÄE¿ﬀÆﬀ¸Í	<
ì
î
°ù_ñó%ñEòú²ﬀõ-ö´²Ł±µ_ð_µ_òõ-ö´²Nùññú´_ñW²´_µ
e3·¸PÌSÉP¸Ñ6½E»»¼@½WÖ·¶SÆﬀ»P½E»¸ÍàØÆºÉPÏ%¹¸¸fÅPºÉPÖÊ¶S¿ÄÍ	Ð"½ÄsÉP¸
δx, δy, δz
ÄEÊ¸Ù
¿¶S¿ﬀÚ3»P½ Å·Pºz¸ÈÆºÉPÚﬀ»¼@¾^¸Î1Ö»Ã¹¸Í¾^¸Ðz¶ﬃÆﬀ¼@Ìz·¶S»»¼@¾^¸¸È Ãºz»Ã·P½E¿ﬀ»PºzÔ;º1ÃÉ¶zÄÄ;¶Ð
Ãºz¿ºz·¼"ÒÝ¾^¼áÎ+ºz·P¾^¸·Ö½¾ä¸ÈÌﬀºÉ½½¸ÉP¸K¾-½E»P½½6Å·¶SÆzÀºzÅPºÀºﬀÌz»¼ËWÎ1¸È¸ÊP½ÄEÃ¸Ë
ÄºﬀºﬀÌz·¶SÑ6½E»¸Ò<aÇÊ¶zÄE¿ﬀ»PºﬀÄE¿ﬀ¸ÐÀÉPÍ)Ñ¸ÀPÃ¸ËÝÄ;¶z¾-ºzÔ·¶SÆﬀ¸¿ﬀ¸·ÖÏ%Û6¸ËWÃºz»PÎ1¸ÔÖ·¶Ù
¹¸ÒNÆº¾^»PºzÔ¸ËNÄsÉPÖÊ¶SÍË Ã¶SÑ6½E¿ÄÍNÅ·¸P½¾_É½¾^¼@¾ÜÉP¸»P½EÒ»¼"ÒŁÈ¶SÃºz»
δx = α11x+ α12y + α13z;
δy = α21x+ α22y + α23z;
δz = α31x+ α32y + α33z,
å B<C:ç
ÔÀ½1ÃºzØ;Î+Î1¸¹¸P½E»¿ﬀ¼
αi j
È¶SÆﬀ¸PÄÍ¿I¿ºÉPÚﬀÃºIºz¿Æﬀ·P½¾-½E»¸<
ºzÔÀ¶ÐÄºzÔÉ¶zÄE»Pº)åý:ﬀ< ﬀçÐP¸P¾-½½¾
δ
dx
dt
= α˙11x+ α˙12y + α˙13z + α11u+ α12v + α13w
¸]¿S<À<CÐ¿ºzÊÃ¶6ºzÈ»¶Ê¶z½E¿ÀP¸PÎ+Î+½E·P½E»¹¸·PºzÆ¶S»¸P½3ÅPº
t
<aáåý:ﬀ< Aç-À¶É½½3ÅPºÀÄE¿¶SÆzÉPÍÙ
½¾"ÐPÄºzÔÉ¶zÄE»Pº)åý:ﬀ< çÐ
δρ = − (α11 + α12 + α13) ρ,
å B< 8ç
¶6Æ½ÉP¸Ê¸»PºzÒŁ¸È;¾-½E»P½E»¸ÍNÔ·¶SÆﬀ¸¿¶S¹¸Pºz»»PºzÒ)Ø»P½E·Ô¸¸)ºzÃ¶SÈ¼"Æ¶z½E¿ÄÍlå Ä¾"<åý:ﬀ< 8çsç
δ
G
2
∫∫
dmdm′
|r − r′| =
G
2
∫∫
dmdm′√ ∑
x,y,z
(x+ δx− x′ − δx′)2
−
−G
2
∫∫
dmdm′√
(x− x′)2 + (y − y′)2 + (z − z′)2
≈
≈ G
2
∫∫ ∑
x,y,z
(x− x′) (δx− δx′)
|r − r′|3 dmdm
′ = −G
2
∫∫
K
|r − r′|3 dmdm
′,
å B< Bç
Bﬀ9

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ÔÀ½1ÆﬀÆ½À½E»¶ÃÆ¶ÀP·¶S¿ﬀ¸Ê»¶SÍŁÎ+ºz·P¾/¶
K = α11
(
x− x′)2 + α22 (y − y′)2 + α33 (z − z′)2 +
+(α12 + α21)
(
x′ − x) (y′ − y) + (α13 + α31) (x′ − x) (z′ − z)+
(α23 + α32)
(
y′ − y) (z′ − z) .
(3»¿½EÔ·¶ÉP¼+ÐzÆzËºÀPÍÛ6¸P½ Å·¸·¶zÄEÅ¸PÄE¼"Æ¶S»¸¸
K
Æ%Å·¶SÆﬀÖÏÜÊ¶zÄE¿ﬀÚå B< BçÐS¾-º;ÑÙ
»Pº&»P½ÄEÃºÉPÚﬀÃºÖÅ·PºﬀÄE¿ﬀ¸¿ﬀÚÈ¶&ÄEÊP½E¿¸PÄEÅPºÉPÚﬀÈ;ºzÆ¶S»¸ÍNÄE¸P¾-¾-½E¿ﬀ·¸¸NºﬀÌﬀ½E¸Ë¿ﬀ·Pºﬀ½EÃ]ÃºSÙ
ºz·ÀP¸»¶S¿Pû
1
2
∫∫
(x′ − x)2
|r − r′|3 dmdm
′ =
1
2
∫∫
x′ (x′ − x) + x (x− x′)
|r − r′|3 dmdm
′ =
=
1
2
∫∫
x (x′ − x)
|r − r′|3 dmdm
′ = − 1
G
∫
x
∂Φ
∂x
dm.
?
¶É½½ﬀÐ»¶SÅ·¸P¾-½E·Ð
1
2
∫∫
(x′ − x) (y′ − y)
|r − r′|3 dmdm
′ =
1
2
∫∫
x′ (y′ − y) + x (y − y′)
|r − r′|3 dmdm
′ =
=
1
2
∫∫
x (y − y′)
|r − r′|3 dmdm
′ = − 1
G
∫
x
∂Φ
∂y
dm = − 1
G
∫
y
∂Φ
∂x
dm
åæÅPºﬀÄsÉ½ÀP»P½½]·¶SÆ½E»PÄE¿ﬀÆº)»¶SÅ¸PÄ;¶S»PºŁ»¶ŁºﬀÄE»PºzÆ¶S»¸¸ÕÅP½E·Æºz»¶Ê¶ÉPÚﬀ»PºzÒäÄE¸P¾-¾-½E¿ﬀ·¸¸
Ãºﬀºz·ÀP¸»¶S¿
x
¸
y
ç<
$1½ÄsÉº;Ñ»Pºﬀ½+Æﬀ¼"·¶SÆﬀ»¸Æ¶S»¸P½+ÅPºÎ1Ö»Ã¹¸Í¾
αi j (t)
À¶z½E¿ÄE¸PÄE¿½¾^Ö6Ö·¶SÆﬀ»P½Ù
»¸Ò
d
dt
∫
xu dm =
∫
u2 dm+
∫
p dx dy dz +
∫
x
∂Φ
∂x
dm,
d
dt
∫
yu dm =
∫
uv dm+
∫
y
∂Φ
∂x
dm,
å B< Dç
¸×¿S< À<2 å B< Dç1Å·¸×»P½ºﬀÌSËºÀP¸P¾-ºﬀÄE¿ﬀ¸Ó¾-º;Ñ»PºK½EÛ½Å·¸PÄºﬀ½ÀP¸»¸¿ﬀÚW½ÄE¿½ÄE¿ﬀÆ½E»»¼@½
Ã¸»P½¾/¶S¿ﬀ¸ÊP½ÄEÃ¸P½&ÖÄsÉºzÆﬀ¸Í
d
dt
∫
x2 dm = 2
∫
xu dm,
d
dt
∫
xy dm =
∫
xu dm+
∫
yu dm.
å B< Aç
ﬂ¿ºzÊ»PºﬀÄE¿ﬀÚﬀÏ Àº,ºﬀÌﬀºzÈ»¶ÊP½E»¸Ò Ö·¶SÆﬀ»P½E»¸Í å B< Dçl¸ å B< AçÓÄºzÆﬀÅ¶À¶SÏ%¿bÄ
¿½E»È;ºz·»¼@¾^¸lÆﬀ¸·¸¶ÉPÚﬀ»¼@¾^¸lÖ·¶SÆﬀ»P½E»¸Í¾^¸l0+¶S»ÀP·¶zÄ½EÃË¶S·¶<_ﬁﬃ»¶ÉºzÔ¸Ê»Pº ÀÉPÍ
ÈÆ½EÈEÀP»¼ËNÄE¸PÄE¿½¾äÌﬀ½E·P½¾ÜÄ¾-½EÛ½E»¸P½1ÆÆﬀ¸À½
δx = α11x+ α12y + α13z + β11u+ β12v + β13w;
δy = α21x+ α22y + α23z + β21u+ β22v + β23w;
δz = α31x+ α32y + α33z + β31u+ β32v + β33w,
')½E¿ºÀ)¾-½E¿ﬀ·¸ÊP½ÄEÃºzÒ)Æ¶S·¸¶S¹¸¸l<<< B:
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¿ºzÔÀ¶ÆÄE¸ÉPÖWå 8<C:ç
δu = α˙11x+ α˙12y + α˙13z +
(
β˙11 + α11
)
u+
(
β˙12 + α12
)
v +
(
β˙13 + α13
)
w+
+β˙11
∂Φ
∂x
+ β˙12
∂Φ
∂y
+ β˙13
∂Φ
∂z
¸Õ¿S<_À<^a"¶S·Úﬀ¸·PºzÆ¶S»¸P½ ÅPº)ÆÄ½¾ :ﬀ)Î1Ö»Ã¹¸Í¾
αi j (t)
¸
βi j (t)
Å·¸ÆºÀP¸¿ÝÃ
Ö·¶SÆﬀ»P½E»¸Í¾
d
dt
∫
xu dm =
∫
u2 dm+
∫
x
∂Φ
∂x
dm,
d
dt
∫
yu dm =
∫
uv dm+
∫
y
∂Φ
∂x
dm,
d
dt
∫
u2 dm = 2
∫
u
∂Φ
∂x
dm,
d
dt
∫
uv dm =
∫
u
∂Φ
∂y
dm+
∫
v
∂Φ
∂x
dm,
å B< Fç
¸&¿S< À<CÐzÄE·P½ÀP¸6Ãºz¿ºz·¼Ë	ÐSÆﬀÅ·PºzÊP½¾"Ðz½ÄE¿ﬀÚ3¿ﬀ·¸6Å¶S·¼ÕÄºzÆﬀÅ¶À¶SÏ%Û6¸Ë	<S(3¿¶SÃÐS»¶SÁã¾-½Ù
¿ºÀÅ·¸ÆºÀP¸¿6ÃÅ·¶SÆﬀ¸ÉPÚﬀ»¼@¾l·P½EÈÖzÉPÚ¿¶S¿¶z¾"ûÄºﬀºz¿ﬀ»PºzÁ½E»¸ÍKå B< FçÐﬀÀºzÅPºÉP»P½E»»¼@½
ÖÄsÉºzÆﬀ¸Í¾^¸Õå B< AçÐËºz·PºzÁº¸ÈÆ½ÄE¿ﬀ»¼ÂÆÉP¸¿½E·¶S¿ﬀÖ·P½ﬀ<
ìﬂﬁ"îﬃ
òõ²)ô	ñõ-²! ò´_µÓøÕµ	³/ô	ñﬀñ"ﬀð_ò±µ_úµ_ð$#%'&W²!ﬀñ)(;õ_õ-µ_ùñµ	³/ò
ë¿¶È¶À¶Ê¶Iºz¿ﬀ»PºﬀÄE¸¿ÄÍ)ÃŁÊ¸PÄsÉPÖŁÄsÉº;Ñ»¼Ë	<	e1ºÉPÚﬀÈÖﬀÍÄEÚÀ¶S»»¼@¾äÅPºÀËºÀºﬀ¾"Ð
Ä½EÒÊ¶zÄŁÄsÉ½ÀPÖ½E¿l¿¶SÃÜÅ·P½ÀÄE¿¶SÆﬀ¸¿ﬀÚlÆﬀ¼"·¶SÑ6½E»¸ÍäÅ·¶SÆﬀ¼ËÜÊ¶zÄE¿½EÒáå B< Dç¸Çå B< FçÐ
Ê¿ºﬀÌz¼áÆ¸¿ºzÔ;½6ÅPºÉPÖÊ¸É¶zÄEÚ È¶z¾^Ã»Ö¿¶SÍKÄE¸PÄE¿½¾/¶Ö·¶SÆﬀ»P½E»¸Ò<(bØ¿ºzÔ;º]¾^¼á¾-ºSÙ
Ñ6½¾)ÀºﬀÌz¸¿ﬀÚÄÍ	ÐﬀÅ·¸À¶SÆ¶SÍ¾-½E¿ﬀ·¸ÊP½ÄEÃºzÒIÆ¶S·¸¶S¹¸¸ÌﬀºÉ½½"Á6¸·PºzÃÖÏàÄÎ+½E·Ö1À½EÒÙ
ÄE¿ﬀÆﬀ¸Í	ÐºËÆ¶S¿ﬀ¼"Æ¶SÏ%Û6ÖÏß»P½@¿ºÉPÚﬀÃº&Æﬀ¸·¿ﬀÖ¶ÉPÚﬀ»¼@½ﬀÐ»Pº1¸I·P½;¶ÉPÚﬀ»¼@½@À½Î+ºz·P¾/¶S¹¸¸
Î1¸ÔÖ·¼+<aÜÊ¶zÄE¿ﬀ»PºﬀÄE¿ﬀ¸Ð»¸Ñ6½3ÅPºÀN¿¶SÃ¸P¾^¸]À½Î+ºz·P¾/¶S¹¸Í¾^¸ ÅPºz»¸P¾/¶SÏ%¿ÄÍNºzÅ·P½Ù
À½É½E»»PºzÔ;ºÄºz·¿¶1ÃºÉ½Ì¶S»¸Í]Ñ¸ÀPÃºzÔ;ºÄÎ+½E·Pºz¸À¶+'K¶SÃÉºz·P½E»¶6Ä@ÅPºÉPÖºﬀÄÍ¾^¸
A
Ð
A
Ð
C
<ºzÊ»P½½ﬀÐÃºÉ½Ì¶S¿½ÉPÚﬀ»Pºﬀ½ÄºﬀÄE¿º;Í»¸P½¾^¼@ÄsÉP¸¿ÄÍKÅ·Pºz¸È;ºzÁ½ÀPÁ6¸P¾f¸ÈÄE¿¶Ù
¹¸Pºz»¶S·»PºzÔ;ºÅPºﬀÄE·P½ÀÄE¿ﬀÆºﬀ¾ÜÈ¶z¾-½E»¼ÂÃºﬀºz·ÀP¸»¶S¿
x = x0 + ax0 + by0;
y = y0 + cx0 − ay0;
z = z0,
åæDP<C:ç
ÔÀ½-Ãºﬀºz·ÀP¸»¶S¿ﬀ¼
x0, y0, z0
ºz¿ﬀ»PºﬀÄÍ¿ÄÍ+Ã+ÄE¿¶S¹¸Pºz»¶S·»Pºﬀ¾^Ö&ÄºﬀÄE¿º;Í»¸ÏÐ
x, y, z *
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√
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A2M
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A2M
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E (b+ c)
2
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√
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ν =
ν0
ch2 z
h
,
å A<C:ç
ÔÀ½
ν0 *
ÅÉºz¿ﬀ»PºﬀÄE¿ﬀÚ Æ Ä½E·P½ÀP¸»»PºzÒÝÅÉºﬀÄEÃºﬀÄE¿ﬀ¸
z = 0
Ð	¶IÅ¶S·¶z¾-½E¿ﬀ·
h
¸P¾-½½E¿
Ä¾^¼@ÄsÉIÅPºÉPÖ¿ºÉPÛ6¸»¼àÄsÉº;Í	<
?
¶S»»PºzÒÅÉºz¿ﬀ»PºﬀÄE¿ﬀ¸ÐÄºzÔÉ¶zÄE»Pº+ºÀP»Pºﬀ¾-½E·»Pºﬀ¾^ÖÖ·¶SÆzÙ
»P½E»¸Ïje3Ö¶zÄÄºz»¶
d2Φ
dz2
= −4pimGν
')½E¿ºÀ)¾-½E¿ﬀ·¸ÊP½ÄEÃºzÒ)Æ¶S·¸¶S¹¸¸l<<< BﬀA
ﬁﬃﬂ "! #%$&#%')(+*,(,')ﬁ-"./')ﬁ-"(101. ﬂ 21ﬁ3*546(+7(121ﬁ 8ﬀ9:;9<^=,:
å
m *
¾/¶zÄÄ;¶¿ﬀ¸Å¸Ê»PºzÒŁÈÆ½EÈEÀP¼%çÐÄºﬀºz¿ﬀÆ½E¿ÄE¿ﬀÆﬀÖ½E¿IÅPºz¿½E»¹¸¶É
Φ = −4pinGh2ν0 ln ch z
h
å A< 8ç
ÄŁ¿ºzÊ»PºﬀÄE¿ﬀÚﬀÏÐÃ¶SÃfÆÄ½EÔÀ¶ÕÌz¼"Æ¶z½E¿ÕÆÓºÀP»Pºﬀ¾-½E·»Pºﬀ¾iÄsÉPÖÊ¶z½ﬀÐÀºlÅ·Pºz¸ÈÆºÉPÚﬀ»PºzÒ
¶ÀÀP¸¿ﬀ¸Æﬀ»PºzÒãÅPºﬀÄE¿º;Í»»PºzÒ<@e1ºÉ½EÈ»PºlÀÉPÍäÀ¶ÉPÚﬀ»P½EÒÁ½EÔ;ºÓ¿¶SÃÑ6½K¸P¾-½E¿ﬀÚÓÆlÆﬀ¸ÀPÖ
ÄEÅ·Pºﬀ½EÃ¿ﬀ¸·PºzÆ¶S»»ÖÏjÅÉºz¿ﬀ»PºﬀÄE¿ﬀÚ
µ = m
∞∫
−∞
ν dz = 2ν0hm.
å A< Bç
?
ÉPÍÂÆﬀ»Ö¿ﬀ·P½E»»P½EÒ,ÄºzÔÉ¶zÄºzÆ¶S»»PºﬀÄE¿ﬀ¸,»P½ºﬀÌSËºÀP¸P¾-ºfÈ¶À¶S¿ﬀÚßÎ&¶SÈ;ºzÆﬀÖÏ ÅÉºz¿zÙ
»PºﬀÄE¿ﬀÚ
f = ϕ (E2) Γ (u) Γ (v) ,
å A< Dç
ÔÀ½1ÆﬀÆ½À½E»N¸»¿½EÔ·¶É)Ø»P½E·Ô¸¸ŁÆ½E·¿ﬀ¸Ã¶ÉPÚﬀ»¼ËNÃºÉ½Ì¶S»¸Ò
E2 =
ω2
2
−Φ(z) å A< Aç
¸ ÆÄEÅPºﬀ¾-ºzÔx¶S¿½ÉPÚﬀ»¶SÍ)Î1Ö»Ã¹¸Í
ϕ (E) =
ν0
σz
√
2pi
e
− E
σ
2
z ,
å A< Fç
ÔÀ½
σ2z = 2pimGh
2ν0.
å A< ﬀç
4&Ö»Ã¹¸Í]Ñ6½
Γ (u)
Å·P½ÀÄE¿¶SÆzÉPÍ½E¿IÄºﬀÌﬀºzÒ »Pºz·P¾^¸·PºzÆ¶S»»Pºﬀ½&¾/¶SÃÄEÆ½ÉÉºzÆÄEÃºﬀ½
·¶zÄEÅ·P½À½É½E»¸P½
Γ (u) =
1
σx
√
2pi
e
− u
2
2σ2x .
å A< ç
(3»¿½EÔ·¸·PºzÆ¶S»¸P½ÅPº]Å·PºﬀÄE¿ﬀ·¶S»PÄE¿ﬀÆﬀÖWÄEÃºz·PºﬀÄE¿½EÒÐÃ¶SÃKÉ½EÔÃº Æﬀ¸À½E¿ﬀÚPÐ	Å·¸ÆºSÙ
ÀP¸¿]ÃWÆﬀ¼"·¶SÑ6½E»¸Ï å A<C:ç<aÇºz¿;ÉP¸Ê¸P½ºz¿]Æ½E·¿ﬀ¸Ã¶ÉPÚﬀ»PºzÒÝÀP¸PÄEÅP½E·PÄE¸¸ÝÄEÃºz·PºﬀÄE¿½EÒ
σ2z
ÐÃºz¿ºz·¶SÍŁÎ1¸ÃÄE¸·Ö½E¿ÄÍ Ø¿ºzÒŁÄºzÔÉ¶zÄºzÆ¶S»»PºﬀÄE¿ﬀÚﬀÏÐÔ;ºz·¸È;ºz»¿¶ÉPÚﬀ»¶SÍ ÀP¸PÄEÅP½E·Ù
ÄE¸Í)ÄEÃºz·PºﬀÄE¿½EÒ
σ2x
»P½&È¶SÆﬀ¸PÄE¸¿ ºz¿]ºﬀÄE¿¶ÉPÚﬀ»¼Ë)Å¶S·¶z¾-½E¿ﬀ·PºzÆNÄE¸PÄE¿½¾^¼+<e3·¸)¸»Ù
¿½E·P½ÄEÖÏ%Û½¾à»¶zÄ6¸ÈÔ¸PÌz»Pºﬀ¾àÆºzÈ;¾^ÖÛ½E»¸¸Ý¾-º;Ñ»Pº Ìﬀ½EÈºzÔ·¶S»¸ÊP½E»¸ÍÝºﬀÌzÛ6»PºﬀÄE¿ﬀ¸
»¶SÅ·¶SÆﬀ¸¿ﬀÚ×ÆºÉP»PºzÆºzÒàÆ½EÃ¿ºz·ÜÅ¶S·¶ÉÉ½ÉPÚﬀ»PºlºﬀÄE¸à¶zÌﬀÄE¹¸PÄÄﬀÐ-¿ºzÔÀ¶KÀPÆﬀ¸Ñ6½E»¸ÍäÆ
y− »¶SÅ·¶SÆzÉ½E»¸¸ ÆºﬀºﬀÌzÛ½ﬃ»P½ﬃ¸Ô·¶SÏ%¿·PºÉP¸Ð¶+¸»¿½EÔ·¸·PºzÆ¶S»¸P½3ÅPº y Æ+É¶SÔ·¶S»Ù
Ñ¸¶S»P½&å Ä¾"<»¸Ñ6½ç-ÄE¿¶S»PºzÆﬀ¸¿ÄÍ¿¶SÃÑ6½@¸ÈEÉP¸Á6»¸P¾"<'Ł¼ÜÄºË·¶S»Í½¾Ý¿ºÉPÚﬀÃº&»¶S¸Ù
ÌﬀºÉ½½Æ¶SÑ»Pºﬀ½ Ä¾-½EÛ½E»¸P½/Æ
z− »¶SÅ·¶SÆzÉ½E»¸¸ÐS»Pº@»¶ÀºﬃÅ·¸»¸P¾/¶S¿ﬀÚ%Æº@Æﬀ»¸P¾/¶S»¸P½
BﬀF

<se<P21ºz»ÀP·¶S¿ﬀÚ½EÆ@Ða3<sﬁ6<ﬁﬃ»¿ºz»PºzÆ
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½EÔ;º+È¶SÆﬀ¸PÄE¸P¾-ºﬀÄE¿ﬀÚPÐÃ·Pºﬀ¾-½
x
¸
t
Ðﬀ¿¶SÃÑ6½3ºz¿6ÄEÃºz·PºﬀÄE¿ﬀ¸
u
<$+¶SÅ·Pºz¿ﬀ¸ÆPÐÈ¶SÆﬀ¸PÄE¸P¾-ºSÙ
ÄE¿ﬀÚﬀÏ5ºz¿
z
Å·P½E»P½Ìz·P½EÔx¶z½¾"éÆºzÈ;¾^ÖÛ½E»¸P½ﬀÐ	¿¶SÃ¸P¾ÂºﬀÌz·¶SÈ;ºﬀ¾"ÐÄEÆºÀP¸¿ÄÍ×ÃÝÄ¾-½EÛ½Ù
»¸ÏãÆﬀÆ½E·ËI¸ÉP¸]Æﬀ»¸È%¹P½ÉP¼ËÄE¿ºÉÌz¸ÃºzÆP<ﬂ ºzÔÉ¶zÄE»PºNå 8<C:ç-»¶ËºÀP¸P¾ÕÆºzÈ;¾^ÖÛ½E»¸P½
Äºﬀºz¿ﬀÆ½E¿ÄE¿ﬀÆﬀÖÏ%Û½EÒ)ÄEÃºz·PºﬀÄE¿ﬀ¸
δω =
∂δz
∂t
+ u
∂δz
∂x
.
å A< ç
e3·¸N·¶SÈEÉº;Ñ6½E»¸¸)Ã¸»P½E¿ﬀ¸ÊP½ÄEÃºzÒ)Ø»P½E·Ô¸¸Ł»¶½ÀP¸»¸¹Ö ¾/¶zÄÄE¼
u2 + v2 +
(
w + ∂δz
∂t
+ u∂δz
∂x
)2
2
ÄE¿¶S»PºzÆﬀ¸¿ÄÍKÍÄE»PºÐÊ¿ºIÊÉ½E»¼áÅP½E·ÆºzÔ;º]ÅPºz·ÍÀPÃ¶IÅPº
δz
À¶ÀPÖ¿]ÅPºﬀÄsÉ½6¸»¿½EÔ·¸Ù
·PºzÆ¶S»¸Í×»ÖzÉ½EÆºzÒÕÆﬀÃÉ¶ÀlËºz¿ÍlÌz¼d¸ÈEÙþÈ¶N»P½EÊP½E¿ﬀ»PºﬀÄE¿ﬀ¸ÕÅPº
w
<e1ºz¿½E»¹¸¶ÉPÚﬀ»ÖÏ
Ø»P½E·Ô¸Ï
1
2
Gm2
∫∫
ln
[(
x− x′)2 + (z + δz − z′ − δz′)2] dmdm′
(dm = ϕ (E2) Γ (u) dx dz du dw)
å A<C:;9ç
¾^¼àÄE·¶SÈÖÈ¶SÅ¸PÄE¼"Æ¶z½¾ÕÄ"ÖÊP½E¿ºﬀ¾ÝÀPÆﬀÖ¾-½E·»PºzÔ;º]å ÉºzÔx¶S·¸PÎ+¾^¸ÊP½ÄEÃºzÔ;ºç-Ë¶S·¶SÃ¿½E·¶
ÅPºz¿½E»¹¸¶É¶<0%É½E»¼jÅP½E·ÆºzÔ;º]ÅPºz·ÍÀPÃ¶ÅPº
δz
¸ÉP¸
δz′
ÅPºﬀÄsÉ½·¶zÄEÃ·¼"¿ﬀ¸Í)À¶Ù
Ï%¿Ł»ÖzÉ½EÆºzÒÕÆﬀÃÉ¶ÀÕÆÕå A<C:;9ç1¸ÈEÙþÈ¶N»P½EÊP½E¿ﬀ»PºﬀÄE¿ﬀ¸ÓÅPºŁºz¿ﬀ»PºzÁ½E»¸ÏiÃÕºﬀÌz·¶SÛ½E»¸Ï
z, z′ → −z,−z′. (3¿¶SÃÐÆºIÆÄ½Ë)ÄsÉPÖÊ¶SÍËKºﬀÄE¿¶z½E¿ÄÍŁÀÉPÍŁÆ¶S·Úﬀ¸·PºzÆ¶S»¸ÍW¿ºÉPÚﬀÃº
ÄºzÆºzÃÖÅ»PºﬀÄE¿ﬀÚIÃÆ¶ÀP·¶S¿ﬀ¸Ê»¼ËNÊÉ½E»PºzÆ
S = 1
2
∫∫ ∫∫ (
∂δz
∂t
+ u∂δz
∂x
)2
v (z) Γ (u) du dx dz dt+
+
Gm2
2
∫∫ ∫∫ ∫ ∫∫
v (z) v
(
z′
)
Γ (u) Γ
(
u′
)×
× (x
′ − x)2 − (z − z′)2[
(x− x′)2 + (z − z′)2
]2 (δz − δz′)2 du du′ dx dx′ dz dz′ dt,
å A<C:ﬀ:ç
Å·¸ÊP½¾ãÆNØ¿ºﬀ¾ãÖ·¶SÆﬀ»P½E»¸¸Õ¾^¼dÄE·¶SÈÖWÅ·PºzÆ½ÉP¸×¸»¿½EÔ·¸·PºzÆ¶S»¸P½ÅPº4Å¶zÄÄE¸ÆzÙ
»PºzÒ5]Ãºﬀ¾^ÅPºz»P½E»¿½
w
<a"¶S·Úﬀ¸·PºzÆ¶S»¸P½6É¶SÔ·¶S»Ñ¸¶S»¶Ýå A<C:ﬀ:ç"ÅPº]ºﬀÌz¼"Ê»¼@¾àÅ·¶Ù
Æﬀ¸É¶z¾ÕÀ¶z½E¿
δS = −
∫
v (z) Γ (u)
(
∂
∂t
+ u
∂
∂x
)2
δz dz+
+2Gm2
∫∫ ∫∫
v (z) v
(
z′
)
Γ (u) Γ
(
u′
)×
× (x− x
′)2 − (z − z′)2[
(x− x′)2 + (z − z′)2
]2 (δz − δz′)2 du′ dx′ dz dz′ = 0.
å A<C:;8ç
')½E¿ºÀ)¾-½E¿ﬀ·¸ÊP½ÄEÃºzÒ)Æ¶S·¸¶S¹¸¸l<<< B
ﬁﬃﬂ "! #%$&#%')(+*,(,')ﬁ-"./')ﬁ-"(101. ﬂ 21ﬁ3*546(+7(121ﬁ 8ﬀ9:;9<^=,:
2+¶SÃÓÎ1Ö»Ã¹¸Ílºz¿
z
¸
t
ÆKÄE¸ÉPÖlºÀP»Pºz·PºÀP»PºﬀÄE¿ﬀ¸äÄE¸¿ﬀÖ¶S¹¸¸Ð^Æ¶S·¸¶S¹¸Í
δz
ÀºÉPÑ»¶WÄºÀ½E·Ñ&¶S¿ﬀÚl¾^»Pº;Ñ¸¿½ÉPÚ
eλt+ikx
<^a ¼"ÅPºÉP»¸ÆlÄºﬀºz¿ﬀÆ½E¿ÄE¿ﬀÆﬀÖÏ%Û6¸P½]ÅPºÀÙ
ÄE¿¶S»PºzÆﬀÃ¸N¸ ¸»¿½EÔ·¸·PºzÆ¶S»¸P½ﬀÐÅ·¸ÆºÀP¸P¾ÜÖ·¶SÆﬀ»P½E»¸P½Iå A<C:ﬀ:ç ÅPºﬀÄsÉ½+ÄºzÃ·¶SÛ½E»¸Ò
Ã Æﬀ¸ÀPÖ
− (λ+ iku)2 µδz + piGm2kθ (k) δ̂z = 0, å A<C:;Bç
ÔÀ½1ÆﬀÆ½À½E»¼ÇºﬀÄE·P½ÀP»P½E»»Pºﬀ½+È»¶ÊP½E»¸P½
δ̂z =
∫
Γ (u) δz du
å A<C:EDç
¸NÎ1Ö»Ã¹¸Í
θ (k) =
∫∫
v (z) v
(
z′
)
e−k|z−z
′|dz dz′.
å A<C:;Aç
?
ÆºzÒ»PºzÒŁ¸»¿½EÔ·¶ÉKÆÅ·¶SÆºzÒŁÊ¶zÄE¿ﬀ¸lå A<C:;AçÈ¶SÅ¸PÄE¼"Æ¶z½E¿ÄÍKÄ1ÖÊP½E¿ºﬀ¾ÜÎ1Ö»ÃÙ
¹¸Ò
ν (z)
¸
ν (z′)
¸ÈIå A<C:ç ÆÆﬀ¸À½
θ (k) =
∞∫
−∞
∞∫
−∞
ν20
ch2 z
h
ch2 z
′
h
e−k|z−z
′|dzdz′.
å A<C:;Fç
aá¶zÄE¸P¾^Å¿ºz¿ﬀ¸ÊP½ÄEÃºﬀ¾ÂÅ·P½À½É½¾/¶ÉP¼Ë
k
¸»¿½EÔ·¶Éfå A<C:;Fç@É½EÔÃº Æﬀ¼"Ê¸PÄsÉPÍÙ
½E¿ÄÍ ¸ ·¶SÆ½E»
θ (k) ≈ 4ν20h2.
å A<C:0ﬀç
aßÅ·Pºz¿ﬀ¸ÆºzÅPºÉº;Ñ»Pºﬀ¾ÂÄsÉPÖÊ¶z½ﬀÐÆ]¶zÄE¸P¾^Å¿ºz¿ﬀ¸ÊP½ÄEÃºﬀ¾ßÅ·P½À½É½ÌﬀºÉPÚﬀÁ6¸Ë
k
ÐPÅPºSÙ
ÉPÖÊ¸P¾ÜÄsÉ½ÀPÖÏ%Û6¸ÒN·P½EÈÖzÉPÚ¿¶S¿Pû
θ (k) ≈ 2
k
ν20
∞∫
−∞
dz
ch4 z
h
=
8
3k
ν20h .
å A<C:ﬀç
$1ºIÀPÆºzÒ»PºzÒW¸»¿½EÔ·¶Éàå A<C:;Fç%¾-º;Ñ»PºÐ	ºzÃ¶SÈ¼"Æ¶z½E¿ÄÍ	Ð	Æﬀ¼"·¶SÈ¸¿ﬀÚN¸)Æ]Ãºz»P½EÊÙ
»Pºﬀ¾WÆﬀ¸À½ﬀ<
?
ÉPÍØ¿ºzÔ;ºÐﬀÅ·P½EÑÀ½@ÆÄ½EÔ;ºÐﬀÅ·¸ÆºÀP¸P¾×½EÔ;º1ÃIÄsÉ½ÀPÖÏ%Û½¾^ÖºÀP»PºzÃ·¶S¿zÙ
»Pºﬀ¾^Ö¸»¿½EÔ·¶ÉPÖû
θ (k) = 8ν20h
2
∞∫
0
y ch y − sh y
sh3 y
e−hkydy.
å A<C:ﬀç
7	¶S¿½¾ÓÈ¶z¾-½E»PºzÒ
u = e−hky, dυ =
y ch y − sh y
sh3 y
å A< 8ﬀ9ç
B

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Ìﬀ½E·P½¾Â¸»¿½EÔ·¶Éãå A<C:ﬀç1ÅPºNÊ¶zÄE¿Í¾"éÆﬀ¼"ÅPºÉP»ÍÍ×¿¶SÃºﬀ½¸»¿½EÔ·¸·PºzÆ¶S»¸P½ÅPºNÊ¶Ù
ÄE¿Í¾W½EÛ½ÀPÆ¶ﬃ·¶SÈ¶åæÅ·¸ÊP½¾KÃ¶SÑÀP¼"Ò·¶SÈ"Ìﬀ½E·P½¾
u = e−hky
çÐSÆ3¸¿ºzÔ;½ÅPºÉPÖÊ¸P¾
θ (k) = 4ν20h
2
[
1− hk + 1
2
h2k2 · ζ
(
0, 2, 1 +
hk
2
)]
,
å A< 8:ç
ÔÀ½
ζ
(
0, 2, 1 +
hk
2
)
å A< 8ﬀ8ç
ü1¸ÈÆ½ÄE¿ﬀ»¶SÍ
ζ
Ù	Î1Ö»Ã¹¸Í6ê	Ö·Æﬀ¸¹¶åæ¸ÉP¸ºﬀÌﬀºﬀÌzÛ½E»»¶SÍ6ÀPÈ;½E¿¶Ù Î1Ö»Ã¹¸Íç<
?
È;½E¿¶Ù
Î1Ö»Ã¹¸Ïá¾-º;Ñ»PºÆﬀ¼"·¶SÈ¸¿ﬀÚIÊP½E·P½EÈ+Å·Pºz¸ÈÆºÀP»ÖÏ,ºz¿ÅPÄE¸Ù Î1Ö»Ã¹¸¸
ζ
(
0, 2, 1 +
hk
2
)
=
d
dz
ψ (z) =
Γ′ (z)
Γ (z)
, z = 1 +
hk
2
,
å A< 8ﬀBç
Å·¸ÊP½¾
Γ (z) *
ºﬀÌz¼"Ê»¶SÍ)Ôx¶z¾-¾/¶Ù Î1Ö»Ã¹¸Í	<aßÊ¶zÄE¿ﬀ»PºﬀÄE¿ﬀ¸Ð¸È å A< 8:çﬃÄsÉ½ÀPÖÏ%¿
¸ ¸ÈÆ½ÄE¿ﬀ»¼@½+»¶z¾ä¶zÄE¸P¾^Å¿ºz¿ﬀ¸ÊP½ÄEÃ¸P½&Æﬀ¼"·¶SÑ6½E»¸ÍÕå A<C:0ﬀç ¸×å A<C:ﬀç<
?
¶É½½ﬀÐ¸Èå A<C:;Bç^É½EÔÃº&Æﬀ¼"Æ½ÄE¿ﬀ¸ ºÀP»Pº&¸»¿½E·P½ÄE»Pºﬀ½3Äºﬀºz¿ﬀ»PºzÁ½E»¸P½ﬀ<a ¼"·¶SÈ¸P¾
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2piGm2θ (k)
∫
Γ (u) du
(λ+ iku)2
= µ,
å A< 8ﬀAç
Ãºz¿ºz·Pºﬀ½Å·¸P¾-½E¿NÌﬀºÉ½½ÖzÀºﬀÌz»ÖÏbÎ+ºz·P¾^ÖNÅPºﬀÄsÉ½ÀºzÅPºÉP»¸¿½ÉPÚﬀ»PºzÔ;ºN¸»¿½EÔ·¸·PºSÙ
Æ¶S»¸Í ÅPºÊ¶zÄE¿Í¾"û
2ipiGm2θ (k)
∫ dΓ
du
λ+ iku
du = −µ. å A< 8ﬀFç
aÂÊ¶zÄE¿ﬀ»PºﬀÄE¿ﬀ¸Ð	Æ Å·¸PÌSÉP¸Ñ6½E»¸¸l¾/¶ÉP¼Ë
k,
ÃºzÔÀ¶
kh  1 Ð¸P¾-½½¾ θ (k) ≈
µ2
<ºzÔÀ¶Ã·¸¿ﬀ¸ÊP½ÄEÃºﬀ½6ÄºﬀÄE¿º;Í»¸P½&Ä
λ = 0
ÀºﬀÄE¿ﬀ¸Ôx¶z½E¿ÄÍŁÅ·¸
k = k∗ ≡ 2piGµ
σ2x
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